In this note, we present an eighth-order derivative-free family of iterative methods for nonlinear equations. The proposed family shows optimal eight-order of convergence in the sense of the Kung and Traub conjecture [5] and is based on the Steffensen derivative approximation used in the Newton-method. As a final step, having in mind computational purposes, a derivative-free polynomial base interpolation is used in order to get optimal order of convergence with only four functional evaluations. Numerical esperiments and few issues are discussed at the end of this note.
Introduction
Let f : D ⊆ ℜ −→ ℜ be a sufficiently differentiable function of single variable in some neighborhood D of α, where α is a simple root ( f ′ (α) 0) of nonlinear algebraic equation f (x) = 0. The well-known Newton method is denined by the iteration
which shows a second-order convergence. One can easily get Steffensen's approximation for first order derivative as
If we substitute the derivative approximation (2) in (1), we obtain Steffensen's second order accurate derivative-free iterative method for non-linear equations [1] .
In 2012, an optimal eighth-order iterative method [2] was proposed by Y. Khan et al. as
In the original draft of paper [2] the expression for C has typo-mistake, which is corrected here. Actually (5) polynomial interpolation approximation for f ′ (z n ) is given in [3] . Clearly (4) iterative scheme is not derivative free. The main contribution in this paper is to use the idea of iterative scheme (4) by introducing Steffensen's derivative approximation for f ′ (x n ) and then finally construct derivative-free approximation for f ′ (z n ) without reducing order of convergence.
Construction of derivative-free family
First we construct an interpolation polynomial approximation for f ′ (z n ). Suppose we have f (x n ), f (w n ) (defined in 3), f (y n ) and f (z n ), One could construct a three-degree polynomial as follows
By using four functional values, we get the following system of equations:
where
After solving (7) for r 1 , r 2 and r 3 and substituting them in (6) implies the following approximation for f ′ (z n ):
2
We consider the following family of iterative methods for nonlinear equations:
Convergence analysis
We state the following theorem about the order of convergence of the family described in (10). 
and
The Taylor series expansion of G(t 1 , t 2 ) is given by
By using (12), (13), (15), (16), (17), we find z n − α = (−A Finally, H(s 1 , s 2 ) has Taylor's expansion
It is clear that the considered family of numerical schemes requires four functional evaluations and attains optimal convergence order eight according to Kung and Traub conjecture which can be stated as follows [5] : if n is the total number of functional evaluations per iteration, then the optimal convergence order of the associated numerical procedure is 2 n−1 .
Numerical Results

Definition 1.
The computational order of convergence [4] , can be approximated by
where x n−1 , x n and x n+1 are successive iterations closer to the root α of f (x) = 0.
For the purpose of comparison between newly developed family and other derivative-free methods, a list of derivative-free methods for nonlinear equations is presented here.
The Kung-Traub Eighth-order Derivative-free Method (K-T)
The Kung-Traub eighth-order derivative-free method is discussed in [5, 6] , and also considered in [7] is given as
where k = 1, 2, 3, β ∈ ℜ + , φ k are listed in (26)- (28). (29) is called M1, M2 and M3 for φ 1 , φ 2 and φ 3 respectively.
Petkovic et al. Type Methods
In [7] , author developed Petkovic type 1 (P1) and type 2 (P2) derivative-free methods for the comparison of numerical efficiency, (P1) and (P2) respectively, are written as
where t i and s i are defined in (10). Further we give names to methods for the purpose of simplicity as follows
A set of thirteen nonlinear equations is used for numerical computations from [7] , in Table 1 . All the families in the numerical implementation are derivative-free and use four function evaluations to get the order of convergence eight . For all methods, 12 (TNFE) total number of function evaluations are used, and absolute error (|x n − α|) is displayed. Computational order of convergence is calculated according to (24) for the method. All numerical values for methods K-T, M1, M2, M3, P1, P2 are taken from [7] .
Conclusion
In this note, we have presented a family of eighth-order derivative-free methods. The proper selection of weight functions showed a reasonable reduction in error as compared to other referenced derivative-free methods. It is obvious that constructed family has broad choice for the weight function in the third and fourth step of the method. The true essence of the family is hidden in the construction of interpolation polynomial for the approximation of f ′ (z) and weight functions make it more flexible to get higher performance and efficiency.
